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DMb545/DMB871 — Linear and integer programming

Exercise Sheet 2, Autumn 2026

Exercises with the symbol ™ are to be done at home before the class. Exercises with the symbol *
will be tackled in class and should be at least read at home. The remaining exercises are left for self
training after the exercise class.

Exercise 1* List all vertices of the polyhedron Ax < b, x > 0, characterized hy the following matrices

A and b:
2 01 -4 3
A=(0 1 0 2 b=
0 01 O 1

You are encouraged to use Python for carrying out the calculations.

Exercise 27 Simplex method
This is part of the first exercise (Opgave 1) in the written exam of 2008.
Consider the following linear programming problem (P1)
maximize 2xq + 4x; — x3
subject to 2x1 —x3 <6

3 —x3<9

x1+x2<4

x1,x2,x3 20

e Rewrite the problem in equational standard form adding the slack variables x4, x5, x¢ to the three
constraints above, respectively, and write the first simplex tableau with x4, x5, x¢ as basic solution.

e Argue that x; can be brought in the basis with advantage and perform one pivot iteration that
brings x, into the basic solution.

e After another pivot iteration, it is xq that can be brought with advantage in the basis (you do not
have to perform this iteration), reaching the following simplex tableau:

| ———————- +o—— +o—— o o o +—— +—— +
| x1 | x2 | x3 | x4 | x5 | x6 | -z | b |
| ———————- +—— e +——— +o—— o e e +
| 0 | 0 | -5/3 | 1| 2/3 | -2 | 0 | 4 |
| 0 | 1| -1/3 | 0 | 1/3 | 0 | 0 | 3 |
| 1] 0 | 1/3 | 0 | -1/3 | 1 0 | 1]
| ———————- +o————— +o——— o o o +—————— +—————— +
| 0 | o1l -1/3 | 01 -2/3 | -2 | 1] -14 |
| ———————- e e et R et o o o e +

Argue that an optimal solution is found and give the solution together with its objective value.

Exercise 3* Simplex method

Solve the following LP problem carrying out the simplex operations:

maximize 5x1 + 4x2 + 3x3

subject to 2x1 +3x2 +x3 <5
4x1 +x0 +2x3 < 11
3x1 +4xo +2x3 < 8
x1,X2,x3 >0
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[7,5,6] [5,5-] 8,6,8]

: O
[10,5,10] 31.8] [7:4.,3]

Figure 1: A network with activities on nodes for a small project with 6 activities. For each activity the
following data is given in that order from left to right: normal time, minimum time in weeks, and the
cost of shortening the duration of the activity by one week.

You are free to use any of the two representations, tableau or dictionary.
You can also get help from Python. You find a tutorial in the external web page.

Exercise 4

Solve the following linear programming problem applying the simplex algorithm:

maximize  3x; + 2x2

subject to x1 —2x; <1
X1 — X2 S 2
2X1 — X2 S 6
X1 < 5
2x1+x, <16
X1+ x <12
X1+ 2x < 21
X2 S 10
x1,x2 > 0.

[Hint: you can plot the feasibility region with one of the tools linked in the Tutorial “Preparation for the
Take-Home Assignment”: Stefan Waner and Steven R. Costenoble, Simplex Method tool, and use the
clairvoyant’s rule to minimize the number of operations to carry out.]

Exercise 5 Project Scheduling

This exercise is a part of one that appeared in Exam 2011.

A small project has 6 sub-activities A, B, C, D, E, F whose individual dependency (shown by the immediate
predecessors) is given in Figure 1. Here we also list the normal time (in weeks), the absolute minimum
time and the cost of shortening the activity by one week.

The goal is to shorten the duration of the project to 19 weeks. This means that the duration of one
or more activities has to be shortened. Of course we want to select these so that the total cost of
shortening the duration to 19 weeks is minimized. Formulate this problem as a linear programming
problem and argue that the optimal solution to this LP will provide the correct answer. Write the model
in explicit form, that is, with the actual data inserted in the formulation.

Exercise 6 Quzzies

1. In 4D, how many hyperplanes need to intersect to give a point?
2. In 4D, can a point be described by more than 4 hyperplanes?

3. Consider the intersection of n hyperplanes in n dimensions: when does it uniquely identify a
point?


https://www.zweigmedia.com/simplex/simplex.php?lang=en
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Vertices of Polyhedra:
Consider the polyhedron described by Ax < b, A € R"*",x € R", that is:

apxy + apxa 4+ -+ dipxn < by
axxs + axx + - 4+ apxs, < b
amx1 + amxa + -+ dpexa < by

4. For a point x of a polyhedron, we define as active constraints those that are satisified to equality
by x. How many constraints are active in a vertex of a polyhedron Ax < b, A € R"*", x € R"?

5. Does every point x that activates n constraints form a vertex of the polyhedron?
6. Can a vertex activate more than n constraints?

7. What if there are more variables than constraints? If n < m then we can find a subset of constraints
and then activate but what if n > m, can we have a vertex?

8. Combinatorial explosion of vertices: how many constraints and vertices has an n-dimensional
hypercube?

9. If there are m constraints, n original variables, and n’ final variables in the equational form, m < n’,
what is an upper bound to the number of vertices?

Tableaux and Vertices

10. For each of these three statements, say if they are true or false:

— One tableau = one vertex of the feasible region
— One tableau <= one vertex of the feasible region

— One tableau <= one vertex of the feasible region

11. Consider the following LP problem and the corresponding final tableau:

max b6x; + 8x LX1 X2 X3 X4 -z b
5 + 10x, < 60 i )?27: 0 1 15 =14 0 2

4x; + 4x, < 40 xx,1 0 =1/5 1/2 0 8
x1,x > 0 10 0 =25 -1 1 64

— How many variables (original and slack) can be different from zero?

- (x3,x4) = (0, 0) are non basic, what does this tell us about the original constraints?
Let's generalize the previous case. Consider an LP with m constraints, n original variables and m
slack variables. In an optimal solution:

— if m > n, how many variables (original and slack) can be nonzero at most?

— if m < n how many original variables must be zero at least? In other terms, in a mix planning
problem with n products and m resources, m < n, how many products at most will be to be
produced in an optimal solution?

12. Consider the following LP problem and the corresponding final tableau:

max b6x; + 8x LX1 X2 X3 X4 —z b
55 + 10xa < 60 x3'0 0 1 12 0 1
4 + 4w < 40 xi)1 1 0 =12 0 1
xi,x2 > 0 0 =20 12 1 -1
(x2, x4) = (0, 0) are non basic variables, what does this tell us about the original constraints of the

problem?
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13.

14.

15.

16.

If in the original space of an LP problem we have 3 variables and there are 6 constraints, how
many constraints are active in the optimal solution?

For the general case with n original variables:
One basic feasible solution <= a matrix of active constraints has rank n. True or False?

Consider an LP problem with m constraints and n original variables, m > n. We saw that in R” a
point is the intersection of at least n hyperplanes. In LP this corresponds to say that in a vertex
there are n active constraints. Let a tableau be associated with a solution that makes exactly
n + 1 constraints active, what can we say about the corresponding basic and non-basic variable
values?

Given a polyhedron, what is the algebraic definition of vertex adjacency in 2, 3 and n dimensions?

How does this condition translate in terms of tableau?



